In this paper, the concept of generalized spherical neighborhood on the real quaternion field is introduced. Then, Schwartz' s inequality and the Gerschgorin's theorem are proved on the real quaternion field and the problems of the distribution and estimation of real quaternion matrix eigenvalues are solved. Finally, some upper bound and lower bound estimation theorems for the moment, the real and imaginary part of the real quaternion matrices eigenvalues are obtained.
Introduction and symbols
There has been an increasing interest in algebra problems on quaternion field since many algebra problems on quaternion field were encountered in some applied sciences, such as the quantum physics, geostatics, the figure and pattern recognition and the space telemetry (see [1, 2] ). Until now, the determinant, eigenvalues and the system of quaternion matrix equation have been investigated widely (see [3] [4] [5] [6] [7] [8] [9] [10] ). Some important conclusions which hold on the complex field or real field have been generalized to real quaternion field; for example, the schur's theorem [11] , Cayley-Hamilton's theorem [12] and the Wielandt-Hoffman's theorem [13] are generalized to real quaternion field from the complex field, respectively. However, it is not considered how to describe the famous Gerschgorin's theorem on the quaternion field up to now, i.e., the problems of distribution and estimation for eigenvalues of real quaternion matrices are not been solved yet. In this paper, we shall discuss the problem. First, we introduce the concepts of moment, module and generalized spherical neighborhood of the real quaternion and investigate Schwartz's inequality and the Gerschgorin's theorem on the real quaternion field. Then, by the aid of the generalized Rayleigh division of a quaternion matrix A and two self-conjugated quaternion matrices A * A and A * + A, we study the distribution and estimation of real quaternion matrix eigenvalues. Finally, we obtain some upper bound and lower bound estimation theorems for the moment, the real and imaginary part of the real quaternion matrices eigenvalues by virtue of the concept of sub-positive definite matrices introduced in [4] .
The rest of the paper is organized as follows: In Section 2, we first give a new concept called generalized spherical neighborhood and generalize Schwartz's inequality and Gerschgorin's theorem to real quaternion field. Then, we investigate the distribution and estimation of real quaternion matrix eigenvalues. In Section 3, we discuss some upper bound and lower bound estimation theorems of the moment, the real part and imaginary part of a real quaternion matrix eigenvalues.
Throughout this paper, we shall adopt the notation and terminology as follows: Q denotes real quaternion field. Q n×n denotes a set of n × n real quaternion matrices, namely, if A ∈ Q n×n , then A is a quaternion matrix and its entries have the form: a = a 0 + a 1 i + a 2 j + a 3 k ∈ Q, where a i ∈ R, i = 0, 1, 2, 3 and R is the real field. a = a 0 − a 1 i − a 2 j + a 3 k denotes the conjugate quaternion of a. R(a) = a 0 is called the real part of a. Im(a) = a 1 i + a 2 j + a 3 k ∈ Q is called imaginary part of a. M(a) = aa = a 2 0 + a 2 1 + a 2 2 + a 2 3 is called moment of a. N (a) = √ aa = (a 2 0 + a 2 1 + a 2 2 + a 2 3 ) 1/2 is called module of a. Denote by A * the conjugate transpose of A. For any column vector X = (X 1 , X 2 . . . X n ) T ∈ Q n×1 , N (X ) denotes the module of X , N (X ) = √ X * X = X * 1 X 1 + X * 2 X 2 + · · · + X * n X n = N 2 (X 1 ) + N 2 (X 2 ) + · · · + N 2 (X n ). Obviously, if a ∈ Q and b ∈ Q, then ab = ba, N (ab) = N (a)N (b) and N (a) = N (a).
The distribution of real quaternion matrix eigenvalues
In this section, we shall discuss the distribution of real quaternion matrix eigenvalues. First, we introduce the concept of the generalized spherical neighborhood and prove some basic results.
Suppose that a is a given quaternion and ε is a positive real number. The set Ω = {z|N (z − a) ≤ ε} is said to be a generalized spherical neighborhood with the centre a and the radius ε.
Lemma 2 (The Generalization of Schwartz's Inequality). For any quaternion sequences z 1 , z 2 , . . . , z n ∈ Q and w 1 , w 2 , . . . , w n ∈ Q, the following inequality holds:
Proof. For any quaternion sequences z 1 , z 2 , . . . , z n ∈ Q and w 1 , w 2 , . . . , w n ∈ Q, set
where N 2 (w k ) (k = 1, 2, . . . , n) are not all zero, otherwise (2.1) holds naturally.
It is shown that
Thus, Schwartz's inequality holds on the real quaternion field.
Lemma 3. For any sequence X 1 , X 2 , . . . , X n ∈ Q, the following inequality holds:
Proof. This result can be proved directly by the properties of norm. So we omit it.
Now we state and prove our main results.
Theorem 1 (The Generalized Gerschgorin's Theorem). Let A ∈ Q n×n . If eigenvalues of A = (a i j ) exist, then, they have to lie in at least one of n spherical neighborhoods:
where, R i = n j =i N 2 (a i j ).
Proof. Let λ be an eigenvalue of A and X = (X 1 , X 2 , . . . , X n ) T ∈ Q n×1 be an eigenvector, that is
Then,
Let N (X m ) = max N (X i ), i = 1, 2, . . . , n. Then, λX m = n j=1 a m j X j holds, that is,
Therefore,
By Lemmas 2 and 3, we have the following expression:
where, R i = j =i N 2 (a m j ), i = 1, 2, . . . , n. Thus, the result holds and the proof is complete.
By the discussion above, it can be seen that eigenvalues of A = (a i j ) must lie in at least one of n spherical neighborhoods with centres a ii (i = 1, 2, . . . , n).
We next show another form of generalized Gerschgorin's theorem over real quaternion field.
Theorem 2. Let A ∈ Q n×n . If eigenvalues of A = (a i j ) exist, then they have to lie in at least one of n spherical neighborhoods:
Proof. Let λ be an eigenvalue of A = (a i j ) and X = (X 1 , X 2 , . . . , X n ) T ∈ Q n×1 be an eigenvector corresponding to λ. Let
where t i (i = 1, 2, . . . , n) are all positive real numbers. Then, we have the expression:
Using Y * m to multiply every term of (2.3), we have
It follows from Lemma 3 that
So, the result is proved.
The estimation of quaternion matrix eigenvalues
It is well-known that the eigenvalues of any self-conjugated quaternion matrix are all real numbers. For any quaternion matrix A, we can construct two self-conjugated matrices A * A and A * + A. So, eigenvalues of A * A and A * + A are real numbers. In this section, we shall discuss the estimation of quaternion matrix eigenvalues by using sub-positive define matrices introduced in [4] . First we recall generalized Rayleigh division and a main result in [4] .
Definition 2. Let A be an n × n quaternion matrix, the following expression
Lemma 4 ([4]
). Let A be an n × n self-conjugated quaternion matrix and suppose that eigenvalues of A are λ 1 , λ 2 , . . . , λ n and λ 1 ≥ λ 2 ≥ · · · ≥ λ n , then,
where, 0 = X i ∈ Q n×1 is the eigenvector corresponding to λ i (i = 1, 2, . . . , n).
Now we state our main result in this section.
Theorem 3. Let A ∈ Q n×n and B = A+A * 2 . Suppose that eigenvalues of B are ζ 1 , ζ 2 , . . . , ζ n and ζ 1 ≥ ζ 2 ≥ · · · ≥ ζ n . If λ is an eigenvalue of A, then ζ n ≤ Re(λ) ≤ ζ 1 .
Proof. Since λ is an eigenvalue of A,
where X ∈ Q n×1 is the eigenvector with respect to λ. By (3.1), we obtain
The two sides of (3.2) are multiplied by X . We have
Simultaneously, the two sides of (3.1) are multiplied by X * . We obtain X * AX = X * λX. Thus, the result holds and the proof is complete.
Theorem 4. Let A ∈ Q n×n and B = A * A. Suppose that ρ 1 , ρ 2 , . . . , ρ n are eigenvalues of B and ρ 1 ≥ ρ 2 ≥ · · · ≥ ρ n and λ is an eigenvalue of A. Then
Proof. By the definition of eigenvalue and eigenvector of quaternion matrix, we have
where the nonzero vector X ∈ Q n×1 is an eigenvector with respect to λ. It follows from (3.7) that
Two sides of (3.7) are multiplied by two sides of (3.8) respectively. Then, we have
From the definition of moment, we obtain
By Lemma 4, we have
Thus, the result holds and the proof is complete.
As [5] , we introduce sub-positive definite matrix on real quaternion field. and λ be an eigenvalue of A. Suppose ρ 1 and ρ n are maximum eigenvalue and minimum eigenvalue of B and µ 1 and µ n are the maximum eigenvalue and minimum eigenvalue of C, respectively. If A is a sub-positive definite matrix, then
Proof. Since A is a sub-positive definite matrix, C is a positive definite matrix. Thus, µ 1 and µ n are positive real numbers. Note that the following expression holds.
So, by Lemma 4, we obtain
Theorem 6. Let A ∈ Q n×n and B ∈ Q n×n . Suppose that ρ 1 and ρ n are the maximum eigenvalue and minimum eigenvalue of A+A * 2 and µ 1 and µ n are the maximum eigenvalue and minimum eigenvalue of B+B * 2 , respectively. Then,
Proof. Let X ∈ Q n×1 be an eigenvector with respect to the eigenvalue λ of matrix A + B. Then, by ( Thus, the proof is complete.
Comments
The algebra problem on quaternion field is a special one, of which multiplication of its elements does not satisfy commutative. In this paper, we generalized the Schwartz's inequality and the Gerschgorin's theorem to real quaternion field. Then, we obtained Gerschgorin's theorems over real quaternion field, which can be applied to locate and estimate the eigenvalues of real quaternion matrix. Moreover, we investigated some upper bound and lower bound estimation theorems for the moment, the real part and imaginary part of eigenvalues of real quaternion matrices. It will be very useful to further study the other algebra problem over quaternion field and its application on the engineering, physics, information and other science field.
